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Abstract
We study the low-energy behavior of the Green function for one-dimensional
Fokker—Planck and Schrodinger equations with periodic potentials. We derive
a formula for the power series expansion of reflection coefficients in terms
of the wave number, and apply it to the low-energy expansion of the Green
function.

PACS numbers: 03.65.Nk, 02.30.Hq, 02.50.Ey

1. Introduction

One-dimensional diffusion in a potential V (x) is described by the Fokker—Planck equation

d? d ’
—@MX) + ZE[f(X)tb(x)] = k"¢ (x), (1.1
where
(x) = liV( ) (1.2)
fx)= Ty dx X). .
The Fokker—Planck equation (1.1) is equivalent to the Schrédinger equation
d2
— TV V@Y ) =Ky (), (1.3)
where 1 and Vg are respectively related to ¢ and f in (1.1) by
¢(0) = eIy (x), Vs() = f200) + f' (). (1.4)

We assume that Imk > 0. Let Gs(x, y; k) denote the Green function for the Schrédinger
equation, satisfying

2
|:3——Vs(x)+k2i| Gs(x,y; k) =6(x —y) (1.5)
dx2
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together with the boundary conditions Gs(x, y; k) — 0 as |x — y| — oo for Imk > 0. For
real k, we define Gs(x, y; k) = lim, o Gs(x, y; k +ie). Without loss of generality we assume
x = y. The Green function for the Fokker—Planck equation is given by

Gr(x, y; k) = e WVOVOI2Gy(x, y; k). (1.6)

This Gg(x, y; k) satisfies

2
[a— —2if(x)+k2} Gr(x, y; k) = 8(x — ). (1.7)
9x? 0x

In previous papers [1, 2], we introduced a new method for systematically calculating the
expansion of Gg(k) in powers of k. In these papers, it was assumed that the potential V (x)
either steadily tends to a finite limit, or steadily diverges to +00 or —oo, as x — Fo0o. We
wish to extend our method to be applicable to more general potentials, including the cases
where V (x) oscillates as x — F00. In the present paper we study the simplest of such cases,
namely the cases where the potential is purely periodic. We assume that the potential V (x) is
a real-valued periodic function with period L,

Vix+L)=V(x), (1.8)

and that V (x) is piecewise continuously differentiable'.

The Fokker—Planck equation with a periodic potential has various applications such as
Josephson junctions [4] and superionic conductors [5, 6], to name a few. And, needless to
say, the Schrodinger equation with a periodic potential plays an essential role in solid state
physics. Thus, the study of periodic systems is significant in itself. Schrodinger operators
with periodic potentials have been extensively investigated over the years, and much is known
about their spectral properties [7-11].

To carry out the analysis of the Green function, we adopt a formalism that deals with
reflection coefficients. Reflection coefficients are of extreme importance in scattering theory,
and their properties have been studied by many researchers, especially in connection with the
inverse scattering method [12—-16]. The formula derived in [1] provides a new method for
calculating the expansion of reflection coefficients up to an arbitrary order in k. The aim of
the present paper is to modify this formula and make it applicable to the periodic case. The
resulting formula serves as a new tool for the analysis of periodic systems, and enables us
to deal with periodic and non-periodic potentials on the same basis. Although we restrict
ourselves to periodic potentials in this paper, this method can be further extended to more
general potentials which show oscillatory behavior at infinity.

The necessary results from the previous papers will be briefly reviewed in section 3, after
making some definitions in the next section. In sections 4-8, we discuss how to adapt the
expansion formula to the periodic case. Using the expansion of reflection coefficients, we shall
derive the low-energy expansion of the Green function in sections 9 and 10. As is well known,
the energy spectrum of a periodic system has a band structure. The expansion in powers of
k is an expansion from the bottom of the lowest band, and it is effective for calculating the
Green function in the lowest band. An example is given in section 11.

I We allow V(x) to have jump discontinuities. Although Vs(x) does not make sense when V (x) is discontinuous,
the Fokker—Planck equation is well defined even for such V. See [3] or footnote 1 or [2]. When Vg does not make
sense, Gg is defined by (1.7) and (1.6).
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2. Preliminaries

In this section we summarize the necessary definitions and notation. We define the evolution
matrix U (x, x"; k) as the 2 x 2 matrix satisfying the differential equation [17]

2 Lok .
aU(x,x,k)— <f(x) & )U(x,x,k) 2.1
with the initial condition
;o (10
U(x,x,k)—<0 Ik 2.2)

It is obvious from (2.1) that the upper-right and lower-right elements of U are obtained,
respectively, from the lower-left and upper-left elements by changing the sign of k. We write
these elements as

(2.3)

Ulx, x's k) = (Ol(x,x’; k) Bx,x; _k)) |

Blx, x5 k) alx,x'; —k)

From (2.1), we can easily show that a(x, x’; k) + B(x, x’; k) and a(x, x"; —k) + B(x, x; —k),
as functions of x, are solutions of the Schrédinger equation (1.3). The matrix equation (2.1)
is thus equivalent to (1.1) and (1.3).

Since the matrix multiplying U on the right-hand side of (2.1) is traceless, the determinant
of U is unity. Namely,

alx, x; ka(x, x'; —k) — B(x, x"; k)B(x, x'; —k) = 1. (2.4)
It is easy to see that the evolution matrix has the property

U (x3, x2; K)U (x2, x15 k) = U (x3, x1, ; k). (2.5)
If the potential is a periodic function satisfying (1.8), then f(x + L) = f(x), and so

Ux+L,x'+L;k)=U(x,x"; k). (2.6)

The transmission coefficient 7, the right reflection coefficient R, and the left reflection
coefficient R; are defined in terms of « and 8 as

/. _ 1
T(x,x'; k) = —a(x, et 2.7a)
/. — ﬁ(x’-x/; k) /. — _ﬂ(xvx/; _k)
Rixxih) =00 Rt =R @)

(See [17]. Similar construction of the reflection coefficients is used, for example, in [18].)
Let us explain why these quantities are called the transmission and reflection coefficients. We
consider a potential which is identical to V (x) inside the interval (x;, x;) and defined to be
constant outside this interval. Namely, we define

V(x) x <xp) 1 d
Vin@ =1V (p <x<x) Sumx) = —zan,,xZ(X). (2.8)
V(x2) (x2 <x),

The Schrodinger equation corresponding to this Fokker—Planck potential Vy, ., is

d2
S (Fo o+ [V =K. 2.9)

dx2
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As shown in appendix A, this Schrodinger equation has two independent solutions that behave
outside the interval (x;, x,) as>

TG, xps k) e (x <x1)
Yi(x) = {e_ik(x—xZ) + R, (X2, x1: k) 6562 (x > x), (2.10a)
eRO=X0) 4 Ry (o0, x1; k) e KE—D) (< x))
Yo(x) = {T(Xz, x1: k) eik(r—x) (x > x2). (2.10b)

Thus, R,(x3,x1; k) (or R;(x2, x1; k)) is the factor multiplying the wave reflected from the
interval (x, x,) when an incident wave is coming into this interval from the right (or,
respectively, left), and t(x,, x1; k) is the factor multiplying the transmitted wave.

We define

S e k) — R.(x, —00; k) S (x. k) = R;(00; x; k) 211
=R G e b R Ty TCE S
Sx, k) =S, (x,k)+ S(x, k). (2.12)

The reflection coefficients for semi-infinite intervals, which appearin (2.11), are well defined as
long as Im k > 0. (The well-definedness of R, (x, —o0; k) for periodic potentials is explained
in appendix B. For non-periodic potentials, see appendix G of [2]. A related discussion is
found in [19].) For Imk = 0, we define them as R, (x, —oo; k) = lim, g R, (x, —00; k + i€)
and R;(o0o, x; k) = lim¢ g Rj(00, x; k +i€). As explained in appendix C, the functions §,,
S;and § are closely related to the Weyl-Titchmarsh m-function. The Green function can be
expressed in terms of this S as [20]

1
~ 2ikyIT = SGx. DI = 50, Rl

In our formalism, we deal with the scattering coefficients t, R, and R; in a generalized
form with an additional variable W. First, we define @ and B by

a(x,x';s Wik)  Blx,x's W; —k)
Blx,x"s Wik) a(x,x’s W; —k)
(coshW_TV(x) —sinhW_TV(X)>(a(x,x’;k) ﬂ(x,x’;—k))

—sinhw coshw Bx, x5 k) oa(x,x'; —k)

Gs(x, y; k)

exp |:ik(x —y) —ik /x S(z, k) dzi| . (2.13)

y

(2.14)

(Here, as elsewhere in this paper, the bar does not denote complex conjugation.) Then Z, R,
and R; are defined in the same way as (2.7) witha — @ and B — B:

T xs Wik) = ! _ VI8 Wl ¥4 K (2.15a)
T T @, x Wi k) L —Ex, WR(x, X3 k) '

Blx,xs Wik) R (x,x'1k) =&, W)

R (x,x': Wik) = = , 2.15b

(W) = e Wik T 1= £, WR (X b (2.15)

= B 3 /; Ws _k 3 W 2 3 /; k

R, s Wik = — PO Wb vy e ST IRE g
a(x,x's Ws k) I —&(x, W)R.(x,x'; k)

2 In some of the previous papers, there is an error in the equations corresponding to (2.10) (equations (2.3) of [2],
equations (1.6) of [1] and equations (3.2) of [20]). The functions defined in these equations are solutions of the
Schrodinger equation, and not the Fokker—Planck equation. For these functions to become solutions of the Fokker—
Planck equation, there should be a factor elV@2)=VODI/2 op e =[V(2)=V&DI/2 jp front of the transmission coefficient
7(x2, x1; k). This error does not affect any of the results of these papers.
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where

W —V(x)

&(x, W) = tanh (2.16)

The meaning of these generalized scattering coefficients is explained in [21]. The original
scattering coefficients 7, R, and R; are recovered from 7, R, and R, respectively by setting
W =V (x).

For k = 0, equation (2.1) can be exactly solved. It is easy to see that

V(x) — V() Vx) —V(x)

a(x, x’; 0) = cosh 5 , B(x,x’;0) = sinh 3 (2.17)
Hence, we have the expressions of T, R, and R, fork =0 as
W -V
z(x,x’; W;0) = sech %,
- W -V - W -V
R.(x,x'; W;0) = —tanh %, R/(x,x'; W; 0) = tanh T(x) (2.18)
Forn=1,2,3,...and —oo < a < b < 00, we define the notation
n
[o1,02. ..., ou]} = / : / dzydzy---dzgexp | D oiVE) |, (219
IESIE S S ERN AN

j=1
where each o; is either +1 or —1. For simplicity, we use the obvious abbreviation [+]Z , [—]Z,
[+—12, etc in place of [+1]2, [— 1], [+1, —1]%, etc. The integrals of the form (2.19) satisfy the
multiplication rule

[o1, 00, ..., an]z X [o’]z =[o',01,00,..., a,,]z +[oy,07, 00, ..., a,,]z
+[al,02,o’...,a,,]2+~--+ [o1, 02, ...,U’,U,,]Z +[01,02,...,0,,,0’]Z.
(2.20)
When the potential satisfies (1.8), the quantities defined by
M=[-]_, = f e V@ dg, P=[+, = / e’ @ dz (2.21)
x—L x—L

are independent of x. It is also convenient to define

Lo=~PM, e =,/P/M, i.e. Vo = (1/2)log(P/M). (2.22)
From (2.20) and (2.21), we have

[++1X_, = P?/2, [—=1_,=M?%2, [+-P_,+[-+'"_, =PM=L;.  (2.23)

We can check that the left-hand sides of (2.23) are independent of x by differentiating them
with respect to x, using

wV v
_[017 02, ..., O—n]ﬁ_L = [013 02, ..., O—nfl]ﬁ_L e(’x o) [02’ 03, ..., O-”]i—L e”l (X) (224)

dx
We define the operators A and 5, which act on functions of x and W, as

Ah(x, W) = %h(x, W), (2.25)

Bh(x, W) = %{Sinh[W —VX)]h(x, W)}

- {cosh[W — V(x)] +sinh[W — V(x)]%} h(x, W).  (2.26)
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We assume that the functions Ai(x,W), on which these operators act, are (i) piecewise
continuously differentiable® with respect to x, and (ii) analytic with respect to W on the
real axis.

Finally, the operator D is defined as

Dh(x, W) = h(x, W) — h(x, Vo), (2.27)
with V| defined by (2.22). In terms of differential and integral operators, we can write
v 9
D= / dW —. (2.28)
Vo ow

3. The low-energy expansion formula for non-periodic potentials

Here we review the expansion formula for reflection coefficients derived in [1], where the
potential V (x) was assumed to be monotone for sufficiently large |x|. For details, see [1] and
[2]. In this section, V (x) is not assumed to be periodic.

With expression (2.13), the analysis of the Green function is reduced to the analysis of the
reflection coefficients R, (x, —o0; k) and R;(c0, x; k). Here we consider R, (x, —o0; k). As
a function of x, the reflection coefficient satisfies a nonlinear differential equation of Riccati
type. By introducing the generalized reflection coefficient (2.15b) with an additional variable
W, we can turn this nonlinear equation into a linear partial differential equation for the two
variables x and W. This equation has the form

(A = 2ikB)[R, (x, —00; Wi k) +&£(x, W)] = [1 — £(x, W)] f (x) (3.1

with the operators .4 and 5 defined by (2.25) and (2.26) respectively. The reflection coefficient
can be obtained by solving (3.1). Solving the differential equation (3.1) with an appropriate
boundary condition is equivalent to finding the inverse of the operator A — ik with an
appropriately restricted domain.
Let us start with the case k = 0. If we restrict the domain of the operator A to functions
satisfying
lim h(x, W) =0, (3.2)

X—>—00

then we have the inverse of A as
X

Alg(x, W) = / g(z, W)dz, (3.3)
—00
where g(x, W) = (3/3x)h(x, W) with some # satisfying (3.2). The operator .A~! given by
(3.3) satisfies A~' Ah = h and AA~'g = g if h satisfies (3.2).
This can be extended to k 7 0. We restrict the domain of the operator A — ik 3 to functions
h(x,W) which satisfy
2(x,z; Wi k)

li - hiz,w(x,z; W; k) =0 34
z—}r—nool—Rlz(x,z;W;k) (z, w(x, z ) (3.4

for any x, where

L+ Ri(x,z; W k)

w(x,z; Wi k) =V(z) +1 = .
ole.a Wik = V@ +loe T2 (Wi

(3.5)

3 Here we do not require Aa(x,W) to be continuous in x. We allow h to have jumps, and so 0//dx may contain delta
functions. The argument in [1] is valid without the requirement of continuity.

6
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Then the inverse of A — ik B is given by

(A —2ikB) g (x, W) = f o TEHEWR W) 3.6)
’ e TRz Wi S e R '

This (A — ikB)~! satisfies (A — ikB) "' (A — ikB)h = h and (A — ikB)(A — ikB)'g = g
provided that & satisfies (3.4). In (3.4), the expression h(z, @(x, z; W; k)) stands for the
quantity obtained from A(x,W) by inserting z and @(x, z; W; k) in place of x and W
respectively. From (2.18) and (3.5), we have @(x, z; W; 0) = W. By using this and (2.18),
we can see that (3.4) reduces to (3.2) if we set k = 0. Similarly, the right-hand side of (3.6)
reduces to (3.3) when £ is set to be zero.

It can be shown that R, (x, —oo; W; k) +&(x, W), as a function of x and W, satisfies (3.4).
So it is possible to apply (A — 2ikB)~! to both sides of (3.1) and obtain

R, (x, —o0; Wi k) = —& + (A —2ikB) "' (1 — &) f. 3.7)
By iterating the identity
(A—2ikB)~"' = A7 + 2ik(A — 2ikB)'BA!, (3.8)

we have the expression
(A=2ikB)~" = [1 +ikL+ ()2 LE+ -+ ()N £N1A™!

+ (k)N (A = 2ikB) AL AT (3.9)
where

L=2A""'B. (3.10)

The expansion of R, (x, —oo; W; k) in powers of k can be obtained by substituting (3.9) into
(3.7). We have

R, = Fo +ikFy + (ik)*Fp + - - + ()N Fy + By G.11)

with the coefficients of the expansion

fo=A'1—-E0f —&, (3.12a)
Fo = L"(Fy + £) n>1, (3.12b)

and the remainder term
oy = ()N (A = 2ikB) ATy, (3.13)

This method works well if V (x) either converges to a definite value or diverges to 0o
as x — —oo. From (1.2) and (2.16) we find

—1 d ad W —V(x)
- f=———  _ —V(x)=—tanh——~. 3.14
1-&9f 2cosh? T dx (x) oy tan 5 (3.14)
Substituting this into (3.3) gives

[0 W-—-V W—-V(-

A"(l—éz)fzf —tanh—(Z) dzzg—tanh—(oo). (3.15)
—oo \0Z 2
The zeroth-order coefficient of the expansion (equation (3.12a)) is thus
W—-V(-

7o = —tanh 2 — V(5 (3.16)

2
If V(—00) = £oo, then¥y = £1. The higher order coefficients can be obtained by substituting
(3.16) into (3.12b). The resulting expressions are given in [1] and [2].
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4. Application of the expansion formula to periodic potentials

The expansion formula shown in the previous section cannot be directly applied to periodic
potentials. If V is periodic, the right-hand side of (3.16) does not have a definite value. It is
the objective of this paper to make a modification to this formula so that it becomes applicable
to the periodic case.

Equation (3.1) holds for any potential, whether it is periodic or not. The function
h(x, W) = R,(x, —oo0; W; k) + £(x, W) is periodic in x when the potential is periodic. If &
is periodic, then (3.4) is satisfied as long as Imk > 0. Therefore, the basic expressions (3.7)
and (3.6) are correct even when the potential is periodic. (When Imk = 0, it is necessary to
replace k on the right-hand side of (3.6) by k + ie with € > 0, and take the limit ¢ — 0 after
evaluating the integral.)

If we try to apply the method of section 3 to a periodic potential, we need to let A~! act on
periodic functions, as in equations (3.12a) and (3.12b). However, since (3.2) is not satisfied
when h(x,W) is periodic, we cannot use (3.3) for periodic functions. The right-hand side of
(3.3) is indeterminate when g(x,W) is periodic in x.

Thus, in order to deal with periodic potentials, we must discard (3.3) and find another
appropriate expression for the inverse of A. Since (3.6) is valid for both periodic and non-
periodic cases, we can derive A~ from (3.6) as

Alg(x, W) = Iyr%(A— 2ikB) g (x, W)

i /" T2(x, z; Wi k) . B, 2 W: 1) d @1
= lim = z,o(x,z; W; z. .
) TRz Wik®

As we shall see later, this gives the correct inverse of .4 even when the potential is periodic.
This expression includes (3.3) as a special case. As noted below equation (3.6), the right-hand
side of (3.3) is obtained by letting k — 0 inside the integral, i.e.

/X T Whk)
im =

oo k=01 — R*(x,z; W; k)

Hence, we find that (4.1) reduces to (3.3) if the limit and the integral in (4.1) are

interchangeable. This is what happens in the non-periodic cases discussed in the previous

papers. In the periodic case, however, the limit and the integral cannot be interchanged, and

so the correct inverse of A is different from (3.3).

What we mean by ‘correct inverse of A’ is the operator .A~! that can be used in
equations (3.12) to produce the correct expansion of R,. As we have not yet specified
the domain of A, the term ‘inverse of .4’ does not yet have a definite meaning. For the time
being, let us accept (4.1) as the definition of .A~!. It will be shown in section 6, after properly
defining the domain of A, that this A~!is indeed the inverse of A.

The method of section 3 remains valid for periodic potentials if (3.3) is is replaced by
(4.1). Our main task is to calculate the right-hand side of (4.1) to derive an expression of .A4~!
for the periodic case. This will be done in the next section. The result is

m D/fx—nggz/gx dzdz'sinh[V () — W]g(z, W), 4.3)
where L, Vy and D are defined by (2.22) and (2.27). More explicitly, this means
1
Lq sinh(W — V)
—sinh[V (z') — Volg(z, Vo)}. 4.4)

X

gz, o(x,z; Wi k))dz = f g(z, W)dz. 4.2)

—00

.Aflg(x, W) =

Alg(x, W) = dz / dz/{sinh[V (') — Wlg(z, W)
x—L z
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This, instead of (3.3), is the inverse of .4 appropriate for periodic potentials.
Hereafter, we shall always assume that V (x) is periodic. The symbol A~ shall always
refer to (4.1) or (4.3), and not (3.3).

5. Derivation of (4.3)

In this section, we shall derive (4.3) from (4.1). We assume that g(x, W) = Ah(x, W) with
some function £ satisfying h(x + L, W) = h(x, W). Then it follows that

gx+L,W)=gx, W), (5.1

/ g(z, W)dz =0, (5.2)
x—L

where x is arbitrary. As it turns out, (4.1) does not make sense unless (5.2) is satisfied.
The expressions appearing in (3.6) and (3.5) can be written as

2(x, z; Wi k) 1
=2 W a2 7T 22 7T J (5.3a)
I —Rj(x,2z; W, k) a’(x,z; Wi k) — B*(x,z; W; —k)
1+ Ri(x,z; Wik a(x,z; Wik) — B(x,z; W —k
1(x, z ) alx,z ) —Bx,z ) (5.3b)

1—Ri(x,z; Wi k) a(x,z; Wk)+B(x,zs W; —k)

So, in order to calculate the right-hand side of (4.1), we need to know the small-k behavior
of &(x,z; W; k) and B(x, z; W; —k). By definition, &(x, z; W; k) and B(x, z; W; —k) are
obtained from the elements of the matrix U (x, z; k).

We divide the domain of the integral in (4.1) into regions of length L as

X 0 x—nL
/ => / ) (5.4)
—00 n=0 x—(n+1)L
To deal with each term on the right-hand side of (5.4), we assume that
x—(m+1)L <z<x—nL. (5.5)
Using (2.5) and (2.6), the matrix U (x, z; k) is factorized as
Ux,z;k) =U(x,x —nL; k)U(x —nL,z;k) =[U(x,x — L; k)]"U(x —nL,z; k). (5.6)

We can calculate [U (x, x — L; k)]", which appears in (5.6), by diagonalizing U (x, x — L; k).
The eigenvalues of U (x, x — L; k) are A(k) and 1/A(k), where

Ak) = Y (k) —iv1 — [Y(0)I2, (5.7)

Yk) = %[a(x,x—L;k)+a(x,x — L; —k)]. (5.8)

We used (2.4) to derive (5.7). As shown in appendix D, the quantity Y (k) is independent

of x, and so is A(k). The branch of the square root in (5.7) is chosen so that |A(k)| > 1 for

Imk > 0. The two eigenvalues of U are the reciprocal of each other, reflecting the fact that

the determinant of U is unity. Also note that A(—k) = 1/A(k). It is straightforward to show

that [U (x, x — L; k)]" is expressed in terms of A as

1 AL —a) = A" — @) B — A7)

A=At B — A7) MA—a) = A" =) )7

5.9)

[Ux,x —D)]" =

9
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where we have omitted the dependence on k, and used the abbreviation
a=ua(x,x —L;k), B=pBx,x—L;k), B = B(x,x — L; —k). (5.10)
In general, for any finite x; and x,, we can expand «(x7, x1; k) and B(xz, x;; k) in powers

of k as

V) = Vo) ik

a(xa, x1: k) = cosh (e[V(X1)+V(X2)]/2 [_];T +e*[V(x1)+V(Xz)]/2[+]§T)

2 2
k2
_E(e[V(M)fV(Xz)]/Z[__,_KT + e[V(Xz)fv(X1)]/2[+_]§?) + 0(k3), (5.11a)
\% -V ik
B(x. x1: k) = sinh (x1) - (x2) I_(e[V(x1)+V(x2)]/2 [~ — e VeVl ey
2
_%(e[V(Xl)—V(Xz)]/2[_+]§? _ e[V(XZ)_V(xl)]/2[+—]§f) + 0(k3). (5.11b)

The derivation of (5.11) is given in appendix B. With x, = x and x; = x — L, equation (5.11a)
reads

ik K2
ot x —Lik)=1— %(ev(")M +e ™V OP) = ZPM + 0

k2
=1 —ikLgcosh[V(x) — Vo] — ?Lé + 0k, (5.12)
where we have used (2.22) and (2.23). Substituting (5.12) into (5.8) and (5.7), we find
k2
Yh)y=1-— 7L(2) + O(kY), V1I=[Y(*)]? =kLo+ OK>), (5.13)
. k* 2 3 -1 : k> 2 3
Ak)=1—ikLy — ?LO + Ok, Ak =1+ikLy — ?LO +O(K). (5.14)

Hence, the small-k expressions of the quantities appearing in (5.9) are

A=Al = 22ikLo + O(KY), (5.15a)

(x) =W

14
A —a(x,x — L; k) = 2ik L sinh? + 0k, (5.15b)

(x)

Vi(x)—V,
A~ —a(x, x — L; k) = 2ikL cosh? TO +O(k). (5.15¢)

The expressions for 8 and 8 are given by (5.11b) as

k2
— S (= — 1) + ok>.  (5.16)
By substituting (5.15) and (5.16) into (5.9), we obtain the elements of U(x,x — nL; k) =
[Ux,x — L; k)]" as

B(x,x — L; k) = £ik Ly sinh[V (x) — Vp]

V) = Vo
2

V) —Vo . V(x) =V,
) =Y G (x)z Sam —am)

A" — sinh?

Vx)—V
a(x,x —nL; k) = COSh2 (x)z 0

AT+ 0K, (5.17a)

B(x,x —nL; £k) = Fcosh
ik
—;TO([—H;_L =) = AT + OGP, (5.17b)

10
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(In these equations, A stands for A (k) and not A(%k). Recall that A(—k) = 1/A(k).) Since we
are going to take the sum over #n as in (5.4), we cannot expand A" and A™" in powers of k and
neglect the higher order terms. Even if |k| is small, the higher order terms are not negligible
when 7 is large. So, we leave A" and A ™" as they are.

Up to order k, the elements of U(x — nL, z; k) are given by (5.11) as

V) - V@) ik
au—anA%y:mm—Eig—gl;%@mewmpqy“

+ef[V(X)+V(Z)]/2[+]);7nL) + O(kz), (518@)

Vi) -V ik
B(x — nL.z: +k) = sinh () . @) %(e[vu)w(z)]/z[_];—u

_ e—[V(X)+V(Z)]/2[+]JZf—"L) + 0. (5.18b)

The expressions of o (x, z; £k) and B(x, z; £k) are obtained by substituting (5.17) and (5.18)
intoU(x,z;k) =U(x,x —nL; k)U(x —nL, z; k), or, explicitly,

oa(x,z; k) =a(x,x —nL; *k)a(x —nL,z; £k) + B(x,x —nL; Fk)B(x —nL, z; k),
B(x,z; k) =B, x —nL; k)a(x —nL, z; k) + a(x,x —nL; Fk)B(x —nL, z; k).
(5.19)

Substituting the resulting expressions into the definition of & and B (equations (2.14)) yields

\% — Vi W —V \% — W W — Vi
alx,z; Wi k) = (cosh (Z)z % cosh 5 0) AT — (sinh (2)2 9 ginh 5 0) A"

ik W -V
- = |:cosh TO (elV@+Vol/2[_jr=nl 4 o= [V@HVol/2[yqx=nl)yn

W —V,
+ sinh O (elV@+Vol2[_jx=nl _ o~lV@+l/2[yjx-nl) k-n}
ik . V@-W . .
= g Sinh 5 ([T = =T ) =27 + 0,
(5.20a)
3 V(z) - Vi W —V, V() -V, W—V,
B(x,z; W; —k) = [sinh (&)~ Vo cosh V57— (cosh () =W sinh 0,
— %[Cosh u(e[V(Z)“'Vo]ﬂ[_])ZC—nL _ e—[V(z)+V0]/2[+];c—i1L)An
W —V,
+ sinh 5 0 (elV @2 il g oIV @+Vl/2 [y pxnl) )\—n:|
ik Viz)— W
_ 1— cosh (Z) ([_+]§_L _ [+_]§_L)()\‘n _ }L—n) + 0(](2) (520b)

4Ly 2

11
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Details of the calculation are given in appendix E. From (5.3) and (5.20) we obtain

=2 n n
2, Wik 1 1+ _ _
TP P S
1 — Ri(x,z; W;k)  cosh* 5% 1 — (coy™)? 1 —coy™
1 — n
ik —— Y Vot y kBl> + 0K, (5.21a)
1+ copy”
1+ If,(x, z; Wi k) _ e—V(Z)+V0 1-— coy” | ik 1+ CO)/” e—V0[+],zr—nL
1 —Ri(x,z; W; k) L+coy” 1 —coy™
. 1 — COV” Vi x—nL 2
+ik————e"[-]] +kBy | + O(k?), (5.21b)
1+ cop”

where B and B, are quantities independent of z, and

W -V 1 . 2
co = — tanh - y=—5= 1 +2ikLg + O (k?). (5.22)

As mentioned before, we cannot let y”* >~ 1 + 2nikLg in (5.21). We must take the sum over n
before using y =~ 1 + 2ikL¢. The z-independent terms kB, and kB, in (5.21) derive from the
terms involving ([—+]§7 P el L) in (5.20). As we shall see, they are irrelevant to the
final result.

We assume that g(x,W) can be expanded in powers of " as

00
glr, W)= g;(x)e/". (5.23)
j=0
Condition (5.2) requires that
/ngj(Z)dZZO. (5.24)
For each term in (5.23), expression (3.6) gives
S e
(5.25)

We divide the integral as (5.4), and shift the variable of integration by z — z — nL. Thus, the
right-hand side of (5.25) is rewritten as

X S x—nL 00 X
/ C(z)dz = Z/ C(z)dz = Z/ C(z—nL)dz, (5.26)
[e'e) n=0YX— n=0 x—L

(n+1)L

where C(z) stands for the integrand in (5.25). For each n in the sum of (5.26), we can use
(5.21). Substituting (5.21), and using [+1* 7"} = [+]¥, [~/ = [-]¥, we obtain

z—nL z—nL —
) ejVO S x yn 1 — COVn J
A=2ikB)'gix)e!V = ——— / ( )
( ) gj(x) coshzw g{ . 1= (coy™? \ 1 +cop”
1+ n
| 14ik(l = j)— eVopys
1 —coy” <
‘l _ n
+ik(1 + j)ﬂ ev"[—]g +kB3:|gj(z) dz + O(kz)}, (5.27)
1+C())/"

12
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where B3 (which derives from B; and B, of (5.21)) is independent of z. On the right-hand
side, the term of order k° vanishes on account of (5.24). The part involving B vanishes for
the same reason. Therefore, (5.27) becomes

e : ik - y" , L—coy" "
—2ikB) o W _ L E: 1 Vo
(A =2ikB) g (x)e cosh? —W;VO nzoil—(coy")2 |:(]+ )<1+coy" ¢ )
/x [—1'g, (@ dz — (j — 1) (L= w H/x [+1'g;(2) dz | + O (k)
X —1tg; —(j — LA . .
x—L 871 J 1+ coy™ ¢ x—L 8738062
(5.28)

We have |y| < 1 aslong as Imk > 0. (Recall that R, (k) = lim¢ o R, (k + i€) for real k.)
For an arbitrary integer m > 0, we can calculate the infinite sum

0o .
k 1
ik n(l+m) _ ! [ + O(k), 5.29
! ;V —— 2(m+1)Lg ® 629

where we have used y = 1 + 2ikL¢ + O (k?). Hence, for any analytic function 4,
e8] 1 1
lim ik "h(y") = —— h(x)d 5.30
lim i X_(;V " 2L0[0 (x) dx, (5.30)

as can be proved by Taylor expanding % (x) and using (5.29) for each term. We can take the
limit K — O of (5.28) by using (5.30). To calculate the integral, we use the formula

! 1 1 —cox\" 1 1—co\"” emW=V)
o 1—(cox) 1+ cox 2mcy 1+co 2m tanh =52
From (5.28), (5.30) and (5.31) we obtain
. 1 . . x
1. - ZkB -1 H jW = (/71)W — (J*I)VO X . d
lim (A — 2ikB) ™ g;(x) e Lo sinh(W — Vo) {(e e ) X_L[+]zgj (2)dz

_(e(j+l)W _ e(j+1)V0) f [_]zgj ) dZ}
x—L

1 * )

— D -Ww +1F — Wir_1x . de .
2L sinh(W — Vo) /X_L (7 —eMl-T)g () e’ de
(5.32)

Taking the sum over j, we arrive at the result*

1 X
-1 -w X w X

W)= - D — — , W)dz. 5.33
A g W) = oD [ (e = ) W 8 (5.33)

Substituting [+]} = fzx eV dz/ and [-]F = fzx e~V@ dz’ into (5.33) gives (4.3).

The above derivation shows that lim;_,o(A — 2ikB)~'g makes sense and is equal to the
right-hand side of (4.3) if both (5.1) and (5.2) are satisfied. If g satisfies only (5.1) and not
(5.2), then (A — 2ikB)~'g contains a term of order k~' (see (5.27) and (5.30)), and so it is
impossible to take the limit k — 0.

* Here we are assuming that A~! > gjelV = > A~lg;e/W. If we can write g(x, W) = Ah(x, W) with
hix, W) = Z/hj(x)ejw, this assumption is equivalent to (3/9x) Zj h/-ejw = Z,.(ah,-/ax) e/W. It is not
necessary to verify this assumption here, as it will be checked later (in section 6 and appendix F) that (5.33) is correct
as long as g(x,W) belongs to the range of A defined in the next section.

13
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Since (3/3x)A"'g = g (see section 6 and appendix F), we can express A~!g as

Alg(x, W) = / g(z, W) dz + c(xg, W), (5.34)

X0
where x is an arbitrary number, and c(xo, W) is independent of x. Setting x = xq in (5.34), we
find c(xo, W) = (A~ 'g)(xo, W). Equation (5.34) can also be directly derived by the method

described in this section if we start with [*_ = X’; +) fx?:(’;in , instead of (5.4).

6. Domains of .4 and A1

Let & and g be functions such that g(x, W) = Ah(x, W). We are assuming that a(x,W) is
piecewise continuously differentiable in x and analytic in W on the real axis, and also that

h(x+L,W)=h(x, W). 6.1)

As shown in the last section, A~ !g(x, W) makes sense if (5.1) and (5.2) are satisfied.
Equations (5.1) and (5.2) follow from (6.1). But this is not enough. For (4.3) to give
the proper inverse of .4, the domain of .4 must be further restricted.

As an inverse, A~! is required to satisfy AA~'g = g and A~'Ah = h. From the first
line of (4.1), it follows that

I}irr(l)(A — 2ikB)(A = 2ikB)~' = A4 — 21 lim kBA™, (6.2a)
]yn%(A —2ikB) "1 (A —2ikB) = A7 A —2i ]yn% kA~'B. (6.2b)

The left-hand sides of (6.2) are identity operators. Therefore, AA~'g = g holds if BA™'g
makes sense, and A~' Ak = h holds if .A~'Bh makes sense. The former condition is always
satisfied since A~!g(x, W) is analytic in W. So, AA~!'g = g holds without any further
assumption on g.

On the other hand, the condition for A~' Ah = h imposes an additional restriction on A.
We already know that A~!g makes sense if (5.2) is satisfied. Replacing g by Bk, we can see
that A~ Bh makes sense if

/ Bh(z, W)dz = 0. 6.3)
x—L

Namely, A~' Ah = h holds if & satisfies (6.3).

In appendix F, it is verified by direct calculation that the operator A~! given by (4.3) (or
(5.33)) satisfies A~ Ah = h and AA"'g = g, provided that & and g satisfy the conditions
specified above. Hence, we know that (4.3) is indeed the correct expression for the inverse of
A.

The conclusion of this section is as follows: we take the domain of the differential
operator A = d/dx to be the set of functions A(x,W) which satisfy (6.1) and (6.3), and which
are piecewise continuously differentiable in x and analytic in W on the real axis. Then (4.3)
gives the inverse of A, satisfying A~!.Ah = h. The domain of A~! is the range of A. It
consists of functions g(x,W) which satisfy (5.1) and (5.2), and which are analytic in W and
continuous in x except possibly for some finite jumps and delta function singularities.

Let us note that R, (x, —oo; W; k) +&(x, W), which appears on the left-hand side of (3.1),
belongs to the domain of A defined above. It is obvious that R, + £ satisfies (6.1). To see that

(6.3) is satisfied, we rewrite (3.1) as
1 o

. 1 Ta PP B
B(Rr+€)—2ik[ax(1?r+%‘) a S)f]_ZikaxR” (6.4)

14
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where we have used (1 — £2) f = (3/9x)& (equation (3.14)). Therefore,

X _ 1 X 8 _

/ dz B[R, (z, —o0; W k) +E(z, W)] = —/ dz —R,(z, —o0; W; k). (6.5)
x—L 2lk x—L 8z

The right-hand side vanishes because R, (x, —o0; W: k) is periodic in x. Thus, R, + & satisfies

condition (6.3). It is not difficult to show, by using (3.1) and (2.15b), that R, + & is piecewise

continuously differentiable in x and analytic in W on the real axis.

7. Validity of the expansion
Consistency between (6.3) and g = Ah requires that

/ BA™'g(z, W)dz = 0. (7.1)
x—L
As shown in appendix G, equation (7.1) holds if g satisfies (5.2). This means that BA™'g
is in the domain of .A~! if g is in the domain of A~'. Recursively, it follows that (B.A~')"g
belongs to the domain of A~! if g is in the domain of .A~!. In other words, A~'(BA~")"g
makes sense for any 7 if A~!g makes sense.

Now we can see that equations (3.11), (3.12) and (3.13) are valid for periodic potentials
if (3.3) is replaced by (4.3). Since (3.12b) can be written as

Fo=2"ATNBATY (1 - &N f (n>=1), (7.2)

it follows from the above argument that 7, makes sense for any 7 if (1 — £2) f belongs to the
domain of A~!. From (3.14) it is obvious that (1 — £2) f satisfies conditions (5.1) and (5.2).
Therefore, (1 — £2) £ is in the domain of A~!, and hence 7, and all 7, make sense. It is easy to
show that (A — 2ikB)~'g makes sense if A~ ¢ makes sense. So the right-hand side of (3.13)
makes sense, too.

Thus, expansion (3.11) is justified for any N. The coefficients of the expansion 7, given
by (3.12), as well as the remainder term py, all make sense and are finite.

The behavior of the remainder term as k — 0 is simple in the periodic case. From (3.13)
and (4.1) we have limy_ ¢ py/(ik)N*! = A~'A¥Fy, = Fysi. Therefore, py = O KN
as k — 0, since 7, is finite for any n. Unlike in the non-periodic cases [2], no subtleties
arise when the potential is periodic. Expansion (3.11) is asymptotic for any N. Moreover, the
infinite series Zzio(ik)"Fn is convergent for sufficiently small |k|. An explanation about the
convergence of this series is given in appendix B.

8. Expressions for 7,

Now let us calculate the coefficients 7y, 7y, 72, ... of (3.11). First, 7y is given by (3.12a).
Substituting (3.14) into (4.3), and using [, , eV dz’ = Lye*", we obtain

1
—1 _ g2 -
ATA =80 = Lo sinh(W — Vo)D

1 X
= D[ dsinh[VE)-W
Lo sinh(W — Vy) fx_L ¢ sinblVi(@) = W]

W -V wW—-V
X (tanh% — tanh T(X)>

W—-V(@©

x 4 9
/ dz// dzsinh[V (z) — W]— tanh
x—L x—L BZ 2

1

= ———————D[L — Locosh(W — Vp) + Lo sinh(W — Vo) §(x, W
Losinh(W—Vo)[ o cosh( 0) + Lo sinh( 0)§(x, W)]
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= mu — cosh(W — Vo) + sinh(W — Vo) &(x, W)]

— —tanh Y=Y +E, 8.1
and hence

7o = —tanh 0. (8.2)

This is to be compared with (3.16).
Next, we calculate 7, = 24~ B(¥y + £). We can see that

_ a . Vo— W W —V(x)
B(rp+§&) = 3w {smh[W - V)] <tanh 7 + tanh 5 )}

N % {Sinh[Vo — V()] <tanh d . Vo .t Vo —2v<x>>}

=sinh[Vj — V(x)] ————. 8.3
Vo= VOl 5 — = (8.3)
Substituting this into (4.3), and multiplying by 2, we have
_ 1
nN=+"—"—"T7 <
L sinh(W — V)
1
X DW f/ dZ dZ/ Sil’lh[V(Z/) — W] Sinh[V() — V(Z)] (84)
cosh” —=2 J )i r<e<o<a
The integrals on the right-hand side can be expressed as
f/ dz dz’ sinh[V (7)) — W]sinh[Vy — V (2)]
x—L<z<7/<x
1
= Z(e*WW”[—HLL +e T — eV, — e 1)),
(8.5)
Substituting (8.5) into (8.4), and using definition (2.27), we find
_ 1 C_W+VU 1 ([ +]x —2Vy [++]X )
= — - —e
7 4Ly sinh(W — Vp) | \ cosh? P e L L
WV .
+| ——— 1) ([+—1*_, — e [——I% . 8.6
oz ) (Bl =) (8.6)
Using (2.22) and (2.23), we can reduce (8.6) to the simple form
Fi (=1, — [—+i_,). (8.7)

4Ly cosh? @

For n > 2, we can calculate 7, by successively applying £ to 7, as 7, = L£"~'F;. Let us
write the operator 53 as

1 A o
B= 3 Z eV g Ty =V (1 +0—) ) (8.8)
o==+1
Substituting sinh[V (z') — W] = & Y ooiesy 0 e”'V@ e~ Winto (4.3), and using (8.8), we can

2
write £ in the form

L=24"B= Y LoKeoo (8.9)

2L,
o=*1o0'==%l1
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where we have defined the operators Z, ,» and Ky, as

Too8(x, W) = f f dzdz V@O V@ ez W), (8.10)
x—L<z<T/<x
Kywgea W) = — 0 D™ 7o W)
0,0’ 8 X, = — «8(X,
'8 sinh(Vy — W) &
1 W . .
= —— dW J5 I g(x, W). (8.11)

sinh(Vo — W) Jy,
The expression 7, = L7 with (8.7) and (8.9) reads

1 1
Fh = — Koo —— | Zoo ([+=1_; — [—+]5_;). (8.12)
’ SL% agj::l a;l:l ( COSh2 WZVO) ( . ! L)
Note that

[o1, 021, = [o1, 001 +[on12f [oale_, + o1, 0212
=[oy, i + o]l [o1]] + o1, 02]}. (8.13)

Therefore,
Vi
Is.o[o1, 02];—L = /:/ dz dz e?V@+o'Vi )[01’ UZ]E—L
x—L<z</<x

=[01,02,0,0']{_; +[02,0,01,0'T;_, +[02,0,0",01]}_,
+[o,01,00, 01 _; +[0,01,0", 001, +[0,0',01,02]}_,. (8.14)

This gives explicitly

I++([+ i —[— +]§_L) =[—+++L_ +[+++- [+ —++ - [++—+]_,

=1P’M — P[+—+]}_,, (8.15a)
I (+ =Ty — [=+1,)
=b-——ho-l=——th ==+ + =+ -],
=—tMP+M[—+-1_,, (8.15b)

Too(+=Tiop = [=+hip) = [+ =B+ [ =+ =T = 20+ — =+,

=20 - M[+—+1_,. (8.15¢)
To(+=0, — [+ ) =—l—+—+  — [+ —+—]_ +2—++-]],
=-20+P[—+-1_,. (8.15d)

where we have used (2.20) and defined
O=[—+—+;_ +[+—+-1_,. (8.16)

This Q is independent of x, as can be seen by differentiating the right-hand side with respect
to x and using (2.24). The expression in large parentheses in (8.12) can be calculated as

I o @ Wo [ o—10/240 IW—Vh)
Koot ——ie = — 1. 17
cosh’ === sinh(W — Vo) cosh’ #52
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Substituting (8.15) and (8.17) into (8.12), we obtain

1
_ —(W+Vp)/2 x (W+Vo)/2 x
FPr= e [+ -+, —e [—+-T_
> 4Ly cosh® ¥t { ot g
1 (Lt W — Vo
+——+ inh . 8.18
Lo ( 4 Q) o 2 (5:19)

The coefficient 7, for n > 3 can be obtained in the same way. The expression for general
nis

1 1
fﬂ = IC*O',,, Y7(1/ e IC,U ’70'/IC70' ,70'/ T WV,
2n+1L8 Z] 1L=0,— 270 1 1 COSh2 W-Vy
{oi,0/} 2

X Izrn,l,zréil te Iaz,az'Im,al’ <[+_]§L - [_+]§L> s (819)
where the sum is overo; =l and o/ = £l1for1 <i <n— 1.
9. The expansion of S

It was shown in [2] that the expansion of S, takes the form

S.(x, k) — % = ag(x) + ika; (x) + (ik)%az (x) + (k) az(x) + - - -, ©.1)
where

ap = }ngrr_loo e VO (F — 1), (9.2a)

a, = iwli@w e VW, (n=>1) (9.2b)

(see equations (4.4) of [2]). Substituting (8.2), (8.7) and (8.18) into (9.2) gives

ap(x) = —% eV, (9.3a)
1
ar(x) = — "M (=T — [—+17_,), (9.3b)
4L
1 1 (L}
ar(x) = T eVV {evo [+— 4+, — T (TO + Q)} . 9.3¢)
When the potential is periodic, the functions S, and S; are simply related by
Sr(x, k) = Si(x, —k). (CXD)
(See appendix D. This is a special feature of the periodic case.) Therefore,
S(x, k) — 1 = sp(x) + (ik)2s2(x) + (ik)*s4(x) +- -, 9.5)
where
sp(x) = 2a,(x) (neven), Sp(x) =0 (nodd). 9.6)
The first two nonvanishing coefficients are
so(x) = —e" 7Y, (9.7a)
CV(X)7V0 1 L4
s2(x) = {evo [+—+", — L <TO + Q)} : (9.7b)
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10. The expansion of the Green function
The small-k expansion of the Green function is obtained by substituting (9.5) into (2.13). The
expansion has the form

Gs(x, yi k) = (i) g1 +go +ikgi + (i) g2+ -, (10.1)
and the coefficients can be expressed in terms of s, 1, 51, . .. as

1
g-1(x,y) = W/T(y)’
8o(x, y) = qi1(x, ¥)g-1(x,y), (10.2b)
EICO N 16))
so(x)  so(y)

(10.2a)

1
g6, ) =3 {[m(x, nI? }g_l(x, ), (10.2¢)

1 1
&, y) = {—[ql(x, WP +g3(x, ) — =qi(x, y) [S2(x) + sZ(y)]} g-1(x,y), (10.2d)
6 2 so(x)  so(y)

where we have defined
Gn(x,y) = _/ sn—1(2) dz. (10.3)
y
Substituting (9.7) into (10.2), and also using ¢ (x, y) = e~ " [+]}, we obtain

e V@V (12

g-1(x,y) = fev(’, (10.4a)
e V@V (12
o(x, y) = ————— [+1, (10.4b)
e V@V (12 . _ w2 evrLe

gilx,y) = 4—Loi [+ = +]}_p + [+ —+]}_, + Loe Y(+13)" - o (TO + Q)},

(10.4¢)
-3 3 x
g, y) =e M [+gix, y) - { 3 (I+17) +/ Sz(Z)dZ} g-1(x,y). (10.44d)
y

The series (10.1) is convergent for sufficiently small |k| (see the comment at the end of
section 7 and appendix B).

11. Example

As an example, let us consider the periodic square potential [22]

_J0 O<x<a) _
Vix) = {C @<x <L) Vix+ L) =V(x). (11.1)
For 0 < x < a, we have the exact expressions of o and § as [17]
al(x,x — L: k) = me’ik’“(l — A% ?iby, (11.2a)
( _ L k) — A 2ikx —ikL( 2ikb _ l) (11 zb)
Bx, x K =1 e"e e , .

19



J. Phys. A: Math. Theor. 42 (2009) 445305 T Miyazawa

where
= —tanh(C/2), b=L—a. (11.3)

From (11.2) we obtain R,, R; and S by using (D.7) and (D.9) of appendix D. The expressions
for a < x < L have similar forms. The exact expression of the Green function is obtained by
substituting (D.9) into (2.13), or, more simply, by using equations (3.6) of [20]. The resulting
expression of Gs for0 <y < x < a'is

[2A eZkx e~ Ik(L=D) gin kb — K (k)][24 e~ 5Ky e*L=D) gin kb — K (k)]

Gs(x, yik) = 2ik kG {4A2 sin? kb — [K (k) ]} (14
where
K (k) = sinkL — A”sin[k(L — 2b)] — (1 — A){1 — [Y (k)]*}'/?, (11.5)
_ 1 A2 _
Y(k) = m{coskL A“cos[k(L — 2b)]} (11.6)

(see (5.8) for the definition of Y).

It is the characteristic of periodic systems that the energy spectrum has a band structure.
Let us suppose that k is a real number. The energy lies in a band if [Y (k)]> < 1, and in a gap if
[Y(K)]? > 1 (see appendix D). The band structure can be seen in the graph of G (k) (figure 1).
The low-energy expansion can be used for calculating the Green function in the lowest
band.

In this example, M =a +b e Cand P =a+beC, ascanbe easily seen. Hence,

b C
Lo=+(a+beC)a+bed), eV°=,/;:b—e:. (11.7)

We assume that 0 < x < a. The integrals appearing in the expansion of R, or S can be
calculated, for example, as

=15, = [0 + [+=10, + [+= 1, + 12 =10, + [ 2 =18 + [+, 18

=12+ + (@ —x)+e Ca—x)b+(a —x)x +e bx

= 1@ +b) +e “ba —x) +ebx. (11.8)
Changing the sign of C gives
[—+]i_, = 3@ +b>) +e“b(a — x) +e “bx. (11.9)

In a similar way,

b
[t = L(@? +3b) + 2bx(x — a) sinh C + ~ (3> + b?) €, (11.10a)
x—L 6 6
b
[—+—)_, = %’(a2 +3b%) — 2bx(x —a)sinh C + 6(3a2 +b*)e €, (11.10b)

[+—+—1}_, = 2—14(a4 +6a’b* +b*) + %[b(3a2 +b*)x — 6abx® +4bx?]sinh C
+ D@ e, (11.11a)
[—+—+]}_, = 2—14((14 +6a’b* + b*) — %[b(Saz +b%)x — 6abx* + 4bx*] sinh C
+%(a2+b2)ec. (11.11b)

20



J. Phys. A: Math. Theor. 42 (2009) 445305 T Miyazawa

Y

=, N - - ; .,
@ . ] RN /\\\\\ \\\\ /

I

NN
'1'5\§ & &
) ReGg Re Gs
0.6 E E E E E 0.3
0.4 E o E E
S B B R B I X
S B AR i N B _—
R s kT
' ' | ' ' 0.1 ===
0.2 ! ! b ==
oaf o
' ' ! ! 1 2 3 4 5 k
(¢) ImGg ImGg
1 E E \ )
o 5 5 ve s __a___s___ Kk
25 % 56 ( 8 ! 10 Ek -1
osf .
V20 T T
o I

Figure 1. Graphs of (a) Y (k), (b) Re Gs(x, y; k) and (¢) Im Gs(x, y; k) for potential (11.1),
plotted as functions of real k, with C = 1, L = 1, a = 0.6, x = 0.4 and y = 0.1. In (a), the
shaded and unshaded areas represent the bands (|Y| < 1) and the gaps (]Y| > 1), respectively. In
(b) and (c), the solid lines show the exact value of Gg (equation (11.4)). The imaginary part of Gs
is identically zero in the gaps. The graphs on the right are close-up plots, where the dashed lines
show the result of the low-energy expansion up to order k%. The dashed curves almost overlap with
the solid curves in the lowest band except for the imaginary part near the band edge.

Substituting (11.11) into (8.16), we have

1 b
0= E(a4+6a2b2+b4)+%(a2+b2)coshC. (11.12)
For0 < y < x < a, itis obvious that [+]{ = x — y. The low-energy expansion of Gs(x, y; k)
for 0 < y < x < a is obtained by substituting the above expressions into (10.4) (and (9.7)).
The result of the expansion up to order k2 is plotted in figures 1(b) and (c) (the graphs on the
right). It can be seen that this expansion gives a very good approximation in the lowest band

except near the band edge.
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12. Conclusion

The low-energy expansion formula for the reflection coefficient introduced in [1] and [2] for
non-periodic potentials (equations (3.11), (3.12) and (3.13) of the present paper) is applicable
to periodic potentials as well, if only we replace (3.3) by (4.3). In the periodic case, the general
expression for the nth-order coefficient of the expansion is obtained as (8.19). The expansion
of the Green function takes the form of (10.1), with the first four coefficients given by (10.4).
The method of this paper can be extended to more general potentials which are asymptotically
periodic at spatial infinity, and this will be discussed elsewhere.

Appendix A. Derivation of (2.10)

As noted in section 2, the functions «(x,x’; +k) + B(x, x’; £k) are solutions of the
Schrodinger equation (1.3). If f is identically zero (i.e. V = constant), then obviously
a(x, x'; £k) = e¥*C= and B(x, x'; £k) = 0. Hence,

o(x, xs £k) + B(x, x'; £k) = eTKEY) if f=0. (A.1)
Note that definition (2.3) is not restricted to x > x’. Since U (x’, x; k) is the inverse of the
matrix U (x, x’; k), we have

a(x', x; £k) = a(x, x', Fk), B(x', x; £k) = —B(x, x'; £k). (A2)
Let us replace f(x) by fy, v, (x). If we define
x1(x) = alx, x1; k) + B(x, x1; k), (A.3)

then x;(x) is a solution of the Schrodinger equation (2.9). Since fy, »,(x) = 0 for x < xj, it
is obvious from (A.1) that

x1(x) = e k=) for x < xi. (A.4)
From (2.5) we have

alx, xi; k) = ax, x2; k)a(xy, x1; k) + B(x, x2; —k) B(x2, x1; k),

Bx, x15 k) = B(x, x2; K)a(xz, x15 k) +a(x, x25 —k) B(x2, X715 k). (A
Using this, we can write
x1(x) = a(xz, x5 K)o (x, x25 k) + B(x, x25 k)]

+ B(x2, x1; K)o (x, x2; —k) + B(x, x2;5 —k)]. (A.6)
Since fy, x,(x) = 0 for x > x,, from (A.1) and (A.6) we find
K1 (X) = a(xa, x1; k) e KO 4 B,y xy; k) ek for x > x,. (A7)

If we divide the right-hand sides of (A.4) and (A.7) by a(x», x1; k), they coincide with the
right-hand sides of (2.10a). Hence, we can see that ¢ (x) = x;(x)/a(x2, x1; k) is the solution
of the Schrodinger equation (2.9) satisfying (2.10a).

In a similar way, we define

x2(x) = a(x, x2; —k) + B(x, x2; —k). (A.8)
By using

o(x, x2; —k) = a(x, x1; —k)ar(xz, x15 k) — B(x, x25 —k) B(x2, x15 —k),

B(x, x25 —k) = B(x, x15 —k)ar(x, x15 k) — a(x, x2; —k) B(x2, x15 —k),

(A.9)
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we can rewrite y, as
x2(x) = a(xz, x1; kK)[a(x, x15 —k) + B(x, x1; —k)]
— B(x2, x1; —k)[a(x, x15 k) + B(x, x1; k)] (A.10)

It is obvious that Y (x) = x2(x)/a(x2, x1; k) is the solution of the Schrodinger equation
satisfying (2.10b).

Appendix B. Analyticity of a(k), 3(k) and the reflection coefficients

We define the functions @* and ¥ by

at(x,xs k) B (x,x"1 k)
Br(x,x's k) a (x,x';k)

1/1 1) [at) B(=b)) (1 -1
2\=1 1)\Bk) a(=k))\1 1
1 ( ak) +a(—=k)+ Bk) + B(—=k) —a(k)+a(—k) —ﬂ(k)+ﬂ(—k))

2 \—alth) +a(—k) + Bk) — B(—k)  ak) +a(—k) — B(k) — B(—k)
(B.1)

where « (k) and S(k) stand for o (x, x'; k) and B(x, x'; k) respectively. From (2.1), it follows
that

d ((T'(x,x/;k) B(x,x’;k))_(f(x) ik )((T(x,x/;k) B(x,x’;k))
) a( B ) a( '

ax \Br(x,x'; k x,x'; k) ik  —f(x) ) \Br(x,x"1k x, x5 k)
(B.2)

Using (1.2), we can rewrite (B.2) as

d o

S ) ] = ke Ve BT G, xS K,

ax (B.3)

a[e—VWzB*(x, x5 k)] = ike™ "W 2a (x, x5 b))
The initial conditions for these equations are &*(x’,x’;k) = 1, B, x' k) = 0.

Equations (B.3) with these initial conditions are equivalent to the integral equations

e'WPa*(x, x' k) =" ik / T VO VOLE (¢ 1 k)] dz,
. x (B.4)
e VOB (x X' k) = ik/ e V@[V D g% (7, xs k)] dz.

x/

These equations can be solved by iteration. The solution is formally expressed as

[o.¢]
&+(x, x/; k) — e—[V(x)—V(x/)]/Z Z(lk)ZmI;—m(x, x/)’

=0 (B.5)
o0
B+(x7 x/; k) — e[V(x)+V(x’)]/2 Z(ik)2m+112tn+] (x7 x/)’
m=0
where I, and I3, are defined recursively by
X X
I3, (x,x) = / "9 (z,x)dz, I3, x) = / e VO (z,x)dz,  (B.6)
x’ x’
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with Ij = 1. Itiseasy tosee that I} (x, x) = [—1%, I (x, x) = [—+]%, IF (x, X)) = [—+-1},
and so on. Namely,

L, (x,x)y=[—+—+--—+I}, Lo x)y=[—+—+--+—1}. B.7)

In the first equation of (B.7), there are 2m alternating plus and minus signs in the expression
on the right-hand side. In the second equation, there are 2m + 1 alternating signs.

We assume that both x and x’ are finite. As we are assuming that V (x) is finite for any
finite x, there exists a constant number C such that

e VO < ¢, V@ < C for x' <z<x. (B.8)
From definition (2.19), we can easily see that
2m C2m+1
+ ’ + !
Izm(x, X ) < (2m)' . 12m+1(x,x ) < m (B9)

Therefore,

0 2m
> a0 13, (x. x| < Z k2 £ cosh(CIkD),

m=0 am: (B.10)
o m+l )
2L x| < Z|k|2’"“ 71 = Sinh(CIkD.

m=0

Thus, the infinite series on the right-hand s1des of (B.5) are absolutely convergent for any &.
This means that @*(x, x’; k) and B*(x, x; k) are entire functions of k.
In the same way, we have

0]
&—(x’ x/; k) — e[V(x)—V(x’)]/Z Z(ik)ZmI (x x )

m=0 (B.11)
oo
B, x's k) = e VORVEONR S G ),
m=0
where
L, x,x)y=[+—+—+-1%, Ly, x)y=[+—+—-—+]5. (B.12)

Equations (B.11) and (B.12) are obtained from (B.5) and (B.7) respectlvely by changing the
sign of the potential V. Just like &* and B*, the functions &~ and ,B are entire functions of k.
Inverting (B.1), we can express «(4k) and B(Zk) in terms of &@* and B* as
alx, x5 k) Bx,xs—k)\ 1 fa"+a — Br—pB~ at—a —pt+p
(,B(x,x’;k) a(x, x'; —k)) T2 <5{+ —a@ +B"—p at+a +pr+p ) ’
(B.13)

Obviously a(x, x’; k) and B(x, x’; k) are entire functions of k as long as both x and x’ are
finite. We obtain (5.11) by substituting (B.5) and (B.11) into (B.13).

It is shown in appendix D that the reflection coefficient R,(x, —oo;k) (Imk > 0)
for periodic potentials can be expressed in terms of (k) = a(x,x — L; k) and S(k) =
B(x,x — L; k) as

—p (k)

with A(k) = Y (k) —iy/1 — [Y(k)]? and Y (k) = [a(k) + a(—k)]/2. Since a(k) and B(k) are
entire functions, R, (x, —00; k) may possibly have singularities only where 1/A(k) = «a(k) or
Y(k) =+£1
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It can be shown that |t(xy, x1; k)| < 1 for Imk > 0 and x; < x; (see section XIII
of [17]). This implies that |a(k)| > 1 for Imk > 0. Since |A(k)| > 1 for Imk > 0, the
equality 1/A(k) = a(k) can never hold in Imk > 0. If Y (k) = %1, then |A(k)| = 1. This
cannot hold for Imk > 0, either. (If |A(k)| = 1, there exist two independent solutions of the
Schrédinger equation which remain finite as x — Fo0o. This can happen for Imk = 0, but
not for Imk > 0.) Thus, neither 1/A(k) = (k) nor Y (k) = =£1 can hold in Imk > 0, and
$0 R, (x, —o0; k) is analytic in the upper half-plane (Im k > 0). Note that R, (x, —o0; k) has
branch point singularities on the real axis. These branch points correspond to the edges of the
bands.

The power series expansion of R, (x, —o0; k) in terms of k is convergent for sufficiently
small |k| if the right-hand side of (B.14) is analytic in some neighborhood of the origin. Since

V) — Vo
2

[1/x(k)] — a(k) = 2ikLg cosh® + 0>,

(B.15)
1 —[Y(k)]* =KL+ O(kY),

there exists a number C such that [1/A(k)] — a(k) #0and 1 — |Y (k)|*> # 0 for 0 < |k| < C.
Although [1/A(k)] — a(k) = 0 at k = 0, this zero is canceled by the zero of g(k) in
the numerator (see equation (5.16)), and so the right-hand side of (B.14) does not have a
pole at k = 0. The origin is not a branch point, either, since /1 — |Y (k)|*? >~ kL, for
k >~ 0. Therefore, R,(x, —o0; k) is analytic, and the power series expansion in terms of & is
convergent, in |k| < C.

Since R, (x, —oo; W; 0) = — tanh W;VU # 00 (see (8.2)), we know that R, does not have
a pole at the origin. As R, (x, —oo; k) is analytic in a neighborhood of k = 0, it is obvious
from definition (2.15b) that R, (x, —oo; W; k), too, is analytic in some neighborhood of the
origin. Thus, the expansion of R,(x, —o0; W; k) in terms of k is convergent for sufficiently
small |k]|.

Appendix C. Relation with the Weyl-Titchmarsh m-function

A natural way to define the transmission and reflection coefficients (for finite intervals) for the
Schrédinger equation is to consider the truncated potential

0 (x < x1)
Vo = 1Vs() (1 <x<x) (eR))
0 (x2 < x).
This szl.xz is different from le’xz + fy,.x, (Which appears in (2.9)), since the latter contains

delta functions at x = x; and x = x, (unless f(x;) = 0 or f(x») = 0). The Schrodinger
equation
2

d
—a HVaa¥ =KV ©2

has two independent solutions of the forms

7'.S(x2 X1 k) e—ik(x—xl) (x < xl)
= ik (r—rs) ; C.3
Yi(x) {e—lk(x—)Cz) + R,S(xz,xu k) eik(x—x2) (x > x2), ( )
ik(x—x1) + RS -k —ik(x—x1)
Y = 1o roa X e (e =) (C.4)
T (x2, x1; k) e (x > x7).

This defines the transmission and reflection coefficients 75, RrS and RlS for the Schrodinger
equation. Here we assume that Imk > 0. When Vg belongs to the so-called limit point case

25



J. Phys. A: Math. Theor. 42 (2009) 445305 T Miyazawa

[7], we can let x; — —o0 or x, — +00 to obtain the reflection coefficients for semi-infinite
intervals. As shown in [2], the reflection coefficients RS(x, —oo; k) and R} (oo, x; k) are
related to R, (x, —o0; k) and R; (00, x; k) by

R (x,—00jk)  R)x,—o00sk)  f(x)
1+R.(x,—00; k)  1+RS(x,—o00;k)  2ik’

s (C.5)
Ri(co,x;k) Ry (00, x; k) +f(x)

1+ R (00, x;k) 1+ RP(oc0, x; k)  2ik

Let n, and 1, be two independent solutions of the Schrodinger equation (1.3) satisfying
the conditions

ni(xg) =1, ) (x0) =0, n2(xp) =0, 5 (xo) = 1, (C.6)

with some fixed xo. And let x4 denote the solutions of (1.3) satisfying x.(co) = 0 and
X—(—00) = 0 (and which are are square integrable near +oco and —oo, respectively). These
functions can be expressed as linear combinations of n; and n,. We write

xx(x) = 01 (x) £ mx mp(x). (C.7)

This is the definition of the Weyl-Titchmarsh functions m..(xg, k) and m_(xq, k), which are
regarded as functions of xy and k.
Let us suppose that Vs(x) = 0 for x > x¢. Then

ni(x) = cos[k(x — xo)], mx) = %Sin[k(x — x0)] for x > xo, (C.8)
and so
X_(x) = cos[k(x — x0)] — %Ok) Sin[k(r — x0)]
= %[k +im_(xg, k)]0 + ﬁ[k — im_(xo, k))] e~ kG0 for x> xo.
(C.9)

Comparing this with (C.3), we find [23, 24]

RS( oy = krim-(xo. ) (xo. ) = ik — 2ik R} (x0, —00; k) (C.10)
X, —00; k) = —m8 m_(xp, k) =1k — 21 . .
0 k —im_(xo, k) 0 1+ RS (xo, —00; k)
In the same way,
k+i Jk RS (00, xo; k
RS (00, xo: k) = A im0 k) ) = ik — 2ikM. (C.11)
k — imy (xo, k) 1+ RS (00, x0: k)
From (C.5), (C.10) and (C.11), we obtain
i 1 i 1
S, (x, k) = ﬁ[m_(x, SEFOIEES Si(x, k) = i[m+(x, b= fW®l+5 (€12
and
S(x, k) = ﬁ[er(x,k) +m_(x,k)]+1. (C.13)
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Appendix D. Exact expressions of R,., R; and S
The function «(x,, x1; k) satisfies the differential equations

d
aa(xz, x1; k) = —ika(xz, x1; k) + f(x2) B(x2, x1; k),
2 (D.1)

d .
Ea(xz, x1; k) = ika(xz, x1; k) — f(x1)B(x2, x15 —k).
!

(The first equation of (D.1) is a component of (2.1). The second equation is obtained by using
(A.2) of appendix A.) Hence, if f is periodic,

%a(x, x—L; k)= f)[B(x,x — L; k) — B(x, x — L; k)], (D.2)
and so

%[a(x,x—L;k)+ot(x,x—L;—k)]=0. (D.3)
Thus, Y (k) defined by (5.8) is independent of x. We define

Z(k)y = {1 —[Y (k)I*}'/ (D.4)
to write (5.7) as

rk) = Y (k) —iZ(k), 1/a(k) = Y (k) +iZ (k). (D.5)

The branch of the square root in (D.4) is chosen such that [A(k)| > 1 for Imk > 0. With this
choice of the square root, Z (k) is an odd function of k whereas Y (k) is an even function (see
(5.13)). So, from (D.5), we find 1/A(k) = L(—k).
Hereafter, we write « (k) and (k) inplace of ¢ (x, x—L; k) and B(x, x —L; k) respectively.

Substituting the elements of (5.9) into (2.7b) gives

—Bk)(1 —y")
[1/A()] — a(k) — y"[A(k) — a(k)]’

B(=k)(1 —y")
[1/1(k)] = a(k) — y"[A(k) — a (k)]
where y = [A(k)]72. Since |y| < 1 for Imk > 0, we can take the limit n — oo of these
expressions and obtain

R . (x,x —nL;k) =
(D.6)
Ri(x+nL,x;k) = R/(x,x —nL; k) =

R ] —Bk) 2B(k)
r(-xv —0OQ; k) = = " ,
[1/A(K)] —a(k)  alk) —a(—k) — 2iZ(k) D7)
R D B(—k) _ —2B(—k) ’
1(00, X, k) = = - .
[1/A(k)] —a(k)  a(k) —a(—k) —2iZ(k)
Substituting into (2.11), and also using (2.4), we have
e k) — 2B (k) _ la(k) —a(—k) +2B(k) +2iZ (k)
P k) = a(k) —a(—k) +28(k) — 21Z(k) 2 a(k) —a(—k) + k) — B(—=k)
S0 k) = —2B(—k) _ Lak) —a(=k) = 2B(=k) +2iZ(k)
UM a(k) — a(—k) —2B(—k) — 2iZ(k) 2 a(k) — a(—k) + B(k) — B(—k)
(D.8)

Since Z(—k) = —Z(k), it is obvious that S;(x,k) = S,(x, —k). The expression of S is
obtained from (D.8) as
2iZ (k)

S, k) =1+ .
a(k) —a(=k) + B(k) — B(—k)

D.9)
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By definition, the above expressions hold for Imk = 0 as well.

When £ is a real number, [« (k)]* = a(—k), [B(k)]* = B(—k) and Y (k) = Re (k). If
[Y (k)]> > 1, the two eigenvalues of U(x,x — L; k) are real and |A(k)| > 1. If [Y()]> < 1,
then |A(k)| = 1. This means that the energy lies in a band if [V (k)]*> < 1, and in a gap if
[Y (k)]* > 1 (see, for example, [7]).

Appendix E. Details of the calculation leading to (5.20) and (5.21)

To simplify the expressions, we write

V@ -VKX) Vi)+ V() Vix)—VWV W —V(x)
b= ——, w= ——"-7—, 0= —— p= ——72
2 2 2 2
(E.1)
and
b=3(—+h_, —+=T_p). (E.2)

Then (5.17) and (5.18) read
a(x, x —nL; £k) = (cosh? 0) A*" — (sinh? O)AT" + O (k?),

. b . ) (E.3)
B(x,x —nL; £k) = | Fsinh 6 cosh6 — lki A" =AY+ 0k,
0
ik
a(x —nL, z: +k) = cosh§ 15 (“[—F "L + e [+ ") + 0(kD),
" (E.4)
B(x —nL,z; +k) =sinh8 + 5 (e[ — e “[+117"F) + O (kD).
Substituting (E.3) and (E.4) into (5.19) yields
a(x, z; £k) = cosh @ cosh(6 + 8) A" — sinh 6 sinh(6 + 8) A T"
ik
- 13 cosh (€2~ [— 5L 4 e/ O[] L) 320
ik
F 13 sinh 6 (ea)fé [_])fonL _ eefw [+]§7HL)A$11
b
- ikz—Lo sinh§(A" — A7) + O (k?),
B(x, z; £k) = — sinh 6 cosh(® + 8) A" + cosh 6 sinh(6 + 8) A F"
lk . w— X—n —w X—n n
+ 5 sinh @ (e~ [ "L + e/~ [+]3 " E)a*
ik
+ 5 cosh @ (e /-1 "F — [+ L) AT
b
—ik— cosh8(A" — A7) + O (k>). (E.5)
2Lo
Equations (E.5) can be written in the form
ot(x, Zak) ﬂ(-xa Z; _k)
ﬁ(x’ ka) (X(X, Z; _k)
_( coshf  —sinh6 Ak) B(—k) — sinhé coshé
"~ \—sinhé® coshé Bk) A(—k) coshd sinhéd /’
(E.6)
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where

ik
A(2k) = cosh(f + 5)A*" F %(ew—" [—]5 "L 4 O [4]E )
ik
B(+k) = sinh(6 + §)AT" + %(ew*[—]ﬁ;*”b e B2 ) VR (E.7)
b
C(k) = ik— A" — 27™).
(k) =i 3 LO( )

Therefore,

a(x,z; Wik) Bx,z; W; —k)
Bx,z; Wik) a(x,z; W; —k)

_( coshg  —sinhg coshfd —sinh6 Ak) B(—k)
"~ \—sinhg coshg —sinh®  coshé B(k) A(=k)

Ck) coshg —sinhg sinhd cosh§
—sinhg  coshg cosh$ sinhd

_ [ cosh(®+¢) —sinh(0 +¢) Ak) B(—k)
~ \—sinh(d +¢) cosh(@ + ¢) B(k) A(—k)
sinh(§ — ¢) cosh(§ — ¢)
- (cosh(a —¢) sinh(§ — ¢) ) :

Comparing (E.6) with (E.8), we can see that & and B are obtained from « and 8, respectively,
by the replacements

(E.8)

0 — 6+, §—> 68—, w—> w+ . (E.9)
Namely,

a(x, z; W; k) = cosh(6 + @) cosh(6 + 8) A" — sinh(6 + ¢) sinh(@ + 8§) AT"

k
¥ 13 cosh(0 + @) (e [—117"F + [+ )™
ik
T % Sinh(0 + ) (e [—15 "L — e/~ [+]F L) T
b
— ik—— sinh(8 — @)(A" — A7) + O (k?),
2L,

B(x,z; W; k) = — sinh(6 + ¢) cosh(8 + §) A" + cosh(8 + ¢) sinh(6 + §)AT"

ik : - —n —w —n n
+ = sinh(6 + ) (e [ + O+ T )T
ik (—nLY 1
+ = cosh(0 + ) (e[ — PO+ )T
b
— ik—— cosh(8 — @)(A" — A7) + O (k?). (E.10)
2L

Note that the replacements (E.9) are equivalent to V(x) — W. This is an expected result
if we consider the meaning of the variable W (see [21]). Equations (5.20) are obtained by
substituting (E.1) and (E.2) into (E.10).
From (E.10), we obtain
a(x,z; Wi k) + B(x, 23 Wi —k) = 7% (cosh(8 + @)1 — sinh(6 + ) A7)
—ike®™?(cosh(6 + @)A" + sinh(6 + ) ~")[—11"*
b
—ik=—— e\ = A7) + O(KY),
k= Lo e” % )+ O(k?)
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a(x,z; Wi k) — B(x, z; Wi —k) = e (cosh(8 + @)\ + sinh(0 + @)1 ™")
—ike?~“(cosh(f + @)A" — sinh(6 + @)A ") [+]1 "~

b
+ik— e’ — A7 + O(KD). (E.11)
2L,

Substituting (E.1), and using definitions (5.22), we can write (E.11) as
W -V

a(x,z; Wi k) + B(x, z; W; —k) = elV@=N/2 ¢ogh (1 +coy™ A"

1— n
x (1 — ik Vo [_prnL +kb1) + 00K,
1 +coy™ '

2
. 1+ C()yn —V x—nL 2
X |1 —ik————e [+]]7"" +kby | + O(k%), (E.12)
I —coy” '
where the quantities b, and b, (which come from the terms involving b) are independent of z.
Equations (5.21) are easily obtained from (E.12).

_ V,
&,z Wik) — Bx, 23 Wi —k) = e V@712 o5 81— coymnt

Appendix F. Verification of AA471g =gand A"'Ah =h

Let us verify AA™'g = g and A~' Ah = h using expression (4.3), or equivalently (5.33). We
can see that
8 X
o] €V e =T g W) dz
X Jx-L
=—(e"[+_, —e"[-TI_)sx = L. W)

X
+(eV W eVl / g(z, W)dz

x—L
= 2L sinh(W — Vp)g(x, W), (F.1)
where we have used (2.24), (5.1) and (5.2). Since the last line of (F.1) vanishes for W = V,
we can insert the operator D in front of the integral in the first line without changing the result.
Namely,

AD/x (e™V[+]f — e [~1})g(z, W)dz = 2Lg sinh(W — Vp)g(x, W). (F.2)
x—L

Dividing both sides by 2L sinh(W — V;), we obtain AA™'g = g.
In a similar way we have, by integrating by parts,

/ (e "+ — eW[—];‘)aih(z, W) dz
x—L <

= 2Ly sinh(W — Vo)h(x, W) — 2/ sinh[W — V(2)]h(z, W) dz. (F.3)
x—L

We apply the operator D to both sides of (F.3). The first term on the right-hand side does not
change. For the second term, we can use (2.28) to write

x w x
D/ sinh[W — V(2)]h(z, W)dz = / dW/ a2 sinh[W — V(2)]h(z, W)
x—L Vo x—L 8W

w X
_ / aw / dz Bh(z, W). (F.4)
Vi x—L

0

30



J. Phys. A: Math. Theor. 42 (2009) 445305 T Miyazawa

This vanishes on account of (6.3). Therefore,

D/ e V[+)E — eV [—1)Ah(z, W) dz = 2L sinh(W — Vp)h(x, W). (F.5)
x—L

Dividing by 2L¢ sinh(W — V;) gives A~' Ah = h.

Appendix G. Verification of (7.1)

We can write the left-hand side of (7.1) as

/:L BA 'g(z, W)dz = i%{m /_L dz sinh[W — V (2)]

x D /ZZL dz/ (e V[+, — eV [-13)g (2, W) } (G.1)
Substituting

sinh[W — V(2)] = %;—Z(e—w[ﬂ; —e"[-1), (G.2)

and integrating by parts, we obtain
/ dzsinh[W — V(2)] / dz’(e_W[+]? - CW[—]?)g(Z/, W)
x—L z—L

1 X
= —E(e‘WP —e"M) / dz/ (e V[+1E — eV [-1%)g (@, W)
x—L

+%/x dz(e™ [+ —e"[-1) e P —e" M)g(z, W)
x—L

_/ dz(e_W[+])z‘ — eW[—]JZ‘) sinh[V (x) — W]/ dz'g(z', W)
x—L z—L
=0, (G.3)

where we have used (5.2). In a similar way, using eV P — e" M = 2L, sinh(Vy — W) and
e op —e"M =0, we have

/ dz sinh[W — V(2)] / dz/ (e"[+1% — e"[-1%)g(2, Vo)
x—L z—L
= Losinh(W — Vp) f dz/ (e7[+1% — " [—1)g (@, Vo). (G.4)
x—L
Equations (G.3) and (G.4) give

; ' 1 _ : A=W 2 JWr_z ’
sinh(W — Vo) /X_Ld“mh[W V(Z)]D/Z—Ldz e+ — e -1 )g@, W)

_ f 4/ (e W — e [—T) g (2. Vo). (G.5)
x—L

Since this expression is independent of W, we can see that the right-hand side of (G.1) is zero.
Thus, (7.1) is obtained.
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